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Abstract. This paper deals with some theorems on Sheffer A-type zero polynomial sets.

1. Introduction

A polynomial set p,(x) is said to be of Sheffer A-type zero if and only if it has a generating function
in the form [3, 12, 13] as

AB) exp ((G(B) = ) pa()t",
n=0
where A(t) and G(t) are two formal power series

)

A(t) = Zant”, ag # 0;

n=0
Gy =) gut™, g0 #0;
n=0

and [(D)po(x) = 0 and [p,(x) = pn-1(x), n > 1; where J(D) is defined as

o)

]=I(D):Zﬂka+1, a#0 and D= d

— dx
Al Salam and Verma [1] gave the generalized Sheffer polynomials by considering ¢,(x) as a
Sheffer A-type zero
T (o]
Y At exp (G(eit) = Y dul@)t",

i=1 n=0
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where

J(D)= ) aD",  JD)pu(x) = pus), (=17 +1,..)
k=0
Thorne [21] obtained an interesting characterization of Appell polynomials by means of Stieltjes
integral. Appell sets [17] are hold following equivalent condition:
(Opy(¥) = pra(x),n =0,1,2, ...
(ii)There exists a formal power series A(f) = Y.,—o axt", (aop # 0) such that

A(t) exp (xt) = Z ()"
n=0

Osegove [14] gave the generalization of Appell sets in a different direction. He studied poly-
nomial sets and hold the following property

Drpn(x) = pn—r(x)r nzt,
where r is a (fixed) positive integer.

Huff and Rainville [11] proved the necessary and sufficient condition for polynomial p,(x). If
polynomial p,(x) is generated by A(t)i) (xt) then a necessary and sufficient condition for p,(x) , be
a Sheffer A-type m, m > 0, if ¢ (xt) = oFyu[—; b1, ba, - - -, by; axt], where « is a nonzero constant.

Goldberg [10] generalized the above result and proved, if the polynomial set p,(x) is generated
by A(t)y (xB(t)) then a necessary and sufficient condition for p,(x) to be a Sheffer A-type m, m > 0,
is that there exist a positive number r which divides m and numbers by, by, - , b, (none Zero nor
negative integers) such that p,(x) is o -type zero for 0 = D [];_,(xD + by — 1), D =4

Bretti et al.[5] gave Laguerre type Exponentials and generalized Appell polynomials and Dat-
toli [8] studied the Appell complementary forms. Khan and Raza [20] discussed the families
of Legendre-Sheffer polynomials corresponding to two different forms of 2-variable Legendre
polynomials. Youn and Yang [22] obtained a differential equation and recursive formulas of Shef-
fer polynomial sequences utilizing matrix algebra. Dattoli et al.[7] studied Sheffer polynomials,
monomiality principle, algebraic methods and the theory of classical polynomials. Bor et al.[4]
studied on new application of certain generalized power increasing sequences and some interest-
ing results on Laguerre type polynomials were discussed by Djordjevi¢ [9].

Let pﬁ,a)(x) be a simple polynomial set and has following generating function [6,19]

(1 -5 F(x, 1) = Zp““(x)t", (1)

where F(x, t) is independent on parameter « .
If Fix,t) = (1= t)7! exp(T ) then this gives the generalized Laguerre polynomials p(a)(x) = Lﬁf’) (%).
[16]

2. Main Results

First we prove the following Lemmas.

(ﬁ)(

Lemma 1: The polynomial set p, x) is generated by

(e8]

(L+ u(h)° :
T pu(y T O+ P = Z{; P, @)
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where u(t) is the inverse of v(t) = t(1 + t)~1, that is, v(u(t)) = u(v(t)) = t.

Proof: Let
(1 - ) F(x, t) = {Z( ) 1)”t”} {an(x)t"}
n=0

n=0
Z pr:x)(x Z Z ( . ) 1)”f”+kpk(x),
n=0 k=0
On making the use of (7,') = (—1)”(“*2’1), for positive integers a and n.
S @ O N (AT - "
Y e =Y Z( )pk(X)t , 3)
n=0 n=0 k=0

P9 (x) = Z (oc + Z : Ilz - 1)Pk(x),

k=0
On setting a by a — Bn, in equation (3),yields

3 e = ¥ {Z (a P16 1>n)(t)n} "
n=0 k=0
On making the use of following identity [15]
i a+bn z (4t
e\ n J{(+20]  1+(1-b)

and afterwords settinga = a + pk —1,b = —(8 — 1) and z = u(t) ,this yields

] Rl Tl
et n 1+ Bu(t)
This can be easily written in following form as

amp) oy _ (L+ U(B)* = k
;p e = ;mx) 1@+ u)]

Z PP e = LHEOF Zpk ) [ + w1

1+ ﬁu(t)
Thus
a—pn n 1 £ -
Zﬁ gr = P -+ u) ),
This leads the proof.

Lemma 2: The polynomial set p(a ymb- b")(x y) is generated by

(1 +u(t)*

WF(X LY, M(t)[l +1/l t)]Z y+0)— zp(a yn,B- 6n)(x y)tn/ (4)

where u(t) is the inverse of v(t) = t(1 + t)’*°71, that is, v(u(t)) = u(v(t)) = t.
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Proof: Let
1 - PF(x,y,t) = {Z( )( 1)”t”} {Z palx, y)t"}
n=0
_ Z Z (—an— ﬁ)(—l)npk(x, y)tn+k.
n=0 k=0
Since

-a—p a+p+n-1
e )

where «, § and 7 are positive integers.

We get
ZP(“ Pyt =

(e8]

Z (a +B ;— n-— 1)Pk(X, P

k=0

gk

1]
(=}

n

gk

ZP(“ Pyt =

On comparing the coefficient of ", gives

a, - k-1
PPy, y) = kz;‘(owﬁ:ﬁk )pk(x,y).

On replacing a by @ — yn and g by g — 6n, we get

(a—yn,B—on) 0 R a-yn+p-on+n-k-1 "
I RERCTIED 19 ) A T

n=0 k=0

i k-
(a+[3:ﬁk 1)Pk(x .

n=0 k=0

On further simplification,yields

i a+bn z " @+z)i
n JldQ+2t| 1+0-b)z

n=0

Now, settinga =a +p+(y+8)k—-1,b = —(y + 6 —1) and z = u(t) , this becomes

- -1 - — +a+B+(y+0)k—
Z (a +B+(y+Ok—1—-(y+0 1);1)[u(t)(1 o u(B) Y = (1 + u(t))rarpro+ok-1

o n 1+ (y +0o)u(t)
Or
i (oc +B+(y+0k—-1-(y+6- 1)n)tn (1 + u(t))rrBroTok
L n 1+ (y+9o)u(t)
this leads to

(o]

(a—yn,p—om) o (1 + u()) a+ﬁ .
Bk = S Vel oy

Finally we arrive at conclusion that

- yn,f—om) M= (1 + u(t))a+ﬁ (y+6)—
L = S T O+ O,
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This completes the proof.
To prove the theorems, we consider p,(x, y) is generated by

A (<), yG(B) = Y pulx, F", (5)
n=0

where

G(t) = Zgnt“+l/ 90 * O/
n=0

H(t) = Z hat™, hg #0,
n=0

A(t) = Zant”, ag # 0.
n=0

On taking F (x, y, t) = A(t)¢ (xH(t), yG(t)) , we get

(1 + u(t)***

TG o O+ O (L + )0, yGu(1 + uF )

—y1,B—0
= prqa ynp ”)(x,y)tn'
n=0

Hence, we can say thatif p,(x, ) is a generalized Appell set then pi,aﬂ'n’ﬁ My, y) is also generalized

Appell set.

Theorem 1: if p,(x, y) is Sheffer A-type zero polynomials in two variables then p;a—mﬁ _6")(x, y) is

also Sheffer A-type zero polynomials in two variables.

Proof: Let p,(x,y) be of Sheffer A-type zero polynomials in two variables and there exists a
differential operator | = (D) = Yoo kDY, ¢ #0, D = % + aiy , Where ¢, are constants, such
that Jp,(x, y) = pp-1(x, y) foralln > 1.

Since py(x, y) is of A-type zero iff p,(x, y) have the generating relation [2] as

A(H) exp (xH(D) exp (yG(H) = Y pulx, F". ©)

n=0
From lemma 2 and equation (6), we get

(1 +u(t)**

Tr0 o @ e (RH@ A + w77 ) exp (yGu®(1 + u(®)*0+™)

- Z plamymB=om oy,
n=0

Theorem 2: If p,(x,y) is a generalized Sheffer set of A-type zero then pil”_yn’ﬁ My, y) is also
generalized Sheffer set of A-type zero.

Proof: Since p,(x, y) is a generalized Sheffer set of A-type zero and the generating function is given
by [18]

Y Ait) exp (Hiei(t) exp (yG(eilt) = Y pal, ", @)
i=1 n=0
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where

Gy =) gt', ;#0,
i=1

H(t)= Y hit, I #0,
i=1

Ay(t) = Z ags)ti, (not all aés) are zeros)
i=0

On applying lemma 2 , equation (7) takes following form

" (a—ymf-onn) o @+u®)f ¢ . 2y+8)-1
DT ——1+(y+6)u(t);[Axu(t)(lw(t» eot)

exp (xH(eu(t)(1 + u(t) X0 ) exp (yG(emu(t)(1 + u(t))z(V“S)*l))]

Thus, we can say that pff‘_yn’ﬁ “(x, y) is also generalized Sheffer set of A-type zero.

The operator | = Y17 cxD**! is associated with p,(x, y), where D = % + a%. This is generated by

the function J(f) = Yo7, cxt**! and J(#) is the inverse of the function (H + G)(t). The pff‘_’/"’ﬁ _6")(x, y)
corresponds to the operator which is generated by the inverse of function (H + G)(u(t)).
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